Using M-theory compactification, we develop a three factor separation for the scalar submanifold of N = 2 seven dimensional supergravity associated with 2-cycles of the K3 surface. Concretely, we give an interplay between the three scalar submanifold factors and the extremal black holes obtained from M2-branes wrapping such 2-cycles. Then, we show that the corresponding black hole charges are linked to one, two and four qubit systems.
Introduction
Extremal black holes have been extensively investigated in the context of string theory and related topics including M and F theories [1, 2, 3] . These objects are obtained from branes wrapping nontrivial cycles in the Calabi-Yau manifolds. The corresponding scalar moduli can be fixed in terms of the black brane charges using the attractor mechanism [4, 5, 6] . The minimum of the effective potential generates fixed values of the stringy scalar fields. This issue has been also connected with quantum information based on the qubit formalism [7, 8] . In fact, a nice mapping between eight charges of STU black holes and three qubits have been reported in [9] . This link has been derived from type IIB superstring compactification on a six-torus T 6 using string duality. Alternative methods based on graph theory using Adinkras and toric geometry have been developed to support such a correspondence [10, 11, 12] . More precisely, an Adinkra graphic representation of the extremal black branes constructed from the toroidal compactification of type IIA superstring on T n have been proposed in [10] . This analysis has been generalized to n-superqubits. Concretely, it has been shown that the number of bosonic and fermionic states are 2 , associated with odd and even geometries on the real supermanifold T n|n , respectively .
The aim of this work is to further extend these works by going beyond the toroidal compactification in type II superstrings. More precisely, we reconsider the study of the moduli space of M-theory on the K3 surface as a leading example of Calabi-Yan manifolds. This analysis offers a new take on the moduli subspace of 2-cycles on which M2-branes are wrapped to produce seven dimensional black holes. The focus is on such geometries which in turn can potentially be interpreted as the moduli space of three classes of black holes. In particular, consider in some detail such classes, we find that they are linked to one, two and four qubits systems.
The organization of this paper is as follows. In section 2, we develop a new three factor separation for the scalar submanifold of N = 2 seven dimensional supergravity associated with 2-cycles of the K3 surface on which M-theory is compactified. The identification of each factor is based on the appearance of three different real 2-forms of the K3 surface appearing in the untwisted and the twisted sectors. In section 3, we point out the existence of a link between the extremal black hole charges and qubit systems using the compactification of M-theory on the K3 surface. The last section is devoted to discussions and open questions.
2
On the moduli space of black holes in M-theory on the K3
surface In this section, we reconsider the analysis of the moduli space of N = 2 supergravity in seven dimensions arising from the M-theory on the K3 surface [13, 14] . The embedding of extremal black holes in such a compactification provides a new factorization scheme for the scalar submanifolds associated with real 2-forms of the K3 surface. This decomposition will be used to establish a mapping with lower dimensional qubits corresponding to the untwisted and twisted sectors. We begin by, briefly, recalling that the K3 surface is a 2-dimensional Calabi-Yau manifold with a Kähler structure permitting the existence of a global nonvanishing holomorphic 2-form. Equivalently, it can be defined as a Kähler manifold with a vanishing first Chern class c 1 = 0 and SU(2) Holonomy group [15] . It is noted that K3 involves a
Hodge diagram playing a crucial role in the determination of the stringy spectrum in lower dimensions [16] . The string, M, or F, theory compactification on K3 preserves only half of the initial supercharges. A close inspection shows that one can construct such a manifold using different ways, including physical methods based on supersymmetric linear sigma models in two dimensions. The famous one concerns the orbifold construction which is given by T 4 modulo discrete isometries of SU (2) . Concretely, we take the 4-torus T 4 parameterized by four real coordinates x i , (i = 1, . . . , 4), subject to the following identifications
It is convenient to use the complex coordinates with the following identification constraints
For simplicity reason, we consider the Z 2 symmetry [15] . In this way, the orbifold T 4 /Z 2 is obtained from T 4 by imposing an extra Z 2 symmetry acting on the complex variables z i as follows
To study the cohomology classes of the K3 surface, we look for the forms on T 4 which are invariant under such a symmetry. Indeed, these invariant forms belonging to the untwisted sector are given by
It is recalled that h p,q denotes the number of the holomorphic and the anti-holomorphic forms of degree (p, q). These numbers are listed in the following Hodge diagram 
modifying the Hodge number h 1,1 . The blowing up of all 16 fixed points produces the so-called K3 surface. Each fixed point corresponds to a vanishing 2-sphere.
Let us explain how to blow up a singularity. Locally, the orbifold T 4 /Z 2 looks like C 2 /Z 2 which is known by A 1 space described by the following equation xy = z 2 where x, y and z are Z 2 -invariant. This can be related to the coordinates of C 2 as follows z = z 1 z 2 , x = z 2 1 , y = z 2 2 . This local geometry involves a singularity at x = y = z = 0 which can be replaced by a two dimensional sphere S 2 which is isomorphic to CP 1 . The blowing up of 16 fixed points changes The relevant physical information, including the black holes, can be obtained from the second real cohomology H 2 (K3, R) of the K3 surface which can be decomposed as follows
Its dimensions, as a vector space, is
The compactification of M-theory on the K3 surface gives N = 2 supergravity in seven dimensions [13] . It is recalled that, at low energy limit, the eleven dimensional bosonic massless fields of M-theory are
which are the metric and the 3-form gauge potential respectively. The dimensional reduction on the K3 surface produces the following seven dimensional fields
where g µν is the seven dimensional metric, C µij are Maxwell gauge fields arising from the compactification of C µνρ on the real 2-cycles of the K3 surface. The total moduli space of M-theory on the K3 surface, parameterized by φ a , reads as
In the study of the extremal black objets in M-theory compactification on the K3 surface, four seven dimensional black p-brane solutions can appear as required by the dual condition [17] p + q = 3. (2.11)
They are defined by p = 0, 1, 2, 3 with AdS p+2 × S 5−p near-horizon geometries. These solutions are classified by p Black object near-horizon geometry Combining the Hodge diagram and the moduli space information of the K3 surface, we can establish a mapping between the black object charges and the moduli space of the K3 surface.
A priori, there are many ways to approach such a space depending on addressed questions [17] .
In fact, it is recalled that the moduli space M can be associated with the forms on the K3 surface. Indeed, the first factor SO(3, 19) SO (3)×SO (19) is associated with 22 real 2-forms
However, the remaining factor corresponds to the 0-form and its dual 4-form
This factorization is directly related to the classification of the black object charges in seven dimensions obtained from M2 and M5-branes discussed above. In fact, we have the following
14)
The study of the attractor horizon geometries of extremal black p-branes on the K3 surface can be explored to get the complete correspondence
Coset space Black brane Cycles in K3 Gauge symmetry 
Embedding qubits in M-theory black holes
In this section, we will show that qubits can be embedded in M-theory on the K3 surface.
Concretely, we would like to elaborate a link between black holes and the moduli subspace SO(3, 19) SO(3)×SO (19) . This correspondence will be explored to engineer qubit systems from the corresponding black holes (black M3-branes). It is worth to recall that the qubit is a primordial building block in quantum version of information theory [18, 19, 20] . This piece describes a system with two physical states. Using Dirac notation, a single qubit reads as
where c i are complex numbers verifying the normalization condition
Geometrically, this probability condition generates a two-sphere called Bloch sphere. Similarly, T the two qubits are four state systems taking the following form
where c ij are complex coefficients satisfying the normalization condition
This equation describes a three dimensional complex projective space CP 3 extending the Bloch sphere. This analysis can be generalized to n qubits associated with 2 n state systems placed on CP 2 n −1 state geometry. An inspection shows that there is a direct correspondence between qubits and black brane charge vectors in M-theory on the K3 surface. These black solutions, associated with p = 0 and p = 3, can be obtained from M2 and M5-branes wrapping 2-cycles in the K3 surface respectively. To get such a connection, we shall reconsider the study of the second cohomology space H 2 (K3, R) of the K3 surface. In particular, we shall use a special factorization of the corresponding moduli space. The orbifold construction can be worked out to show that the moduli subspace of M-theory on K3 surface should have a prior three factors.
Under this hypothesis, the scalar submanifold
SO (3)×SO (19) associated with 2-forms should take the form
We will show that this factorization can be related to the existence of three different classes of 2-cycles embedded in the K3 surface. The identification of each factor can be obtained by the help of the the second real cohomology H 2 (K3, R). Indeed, the submanifold group SO(3,19) SO(3)×SO (19) can be factorized as follows (19) .
The submanifold
SO(3)×SO(3) carries information on the untwisted sector associated with the former Hodge diagram. The second factor corresponds to the twisted sector controlled by the 16 fixed points of the orbifold construction. To embed lower dimensional qubits, we need to use an extra factorization. In fact, it is given by
Then, we decompose the untwisted sector to
The factor SO(2,2) SO(2)×SO(2) can be linked with the 2-forms dz i ∧ dz j belonging to the untwisted sector H 1,1 (K3, R) . However, the factor SO(2,1) SO(2) will be related with the real parts of the complex holomorphic and antiholomorphic 2-forms which are elements of the cohomology classes H 2,0 (K3, R) and H 2,0 (K3, R) respectively. The twisted sector SO(3, 16) SO(3)×SO (16) should be factorized as follows
The factor SO(1,16) SO (16) can be associated with the 2-cycles used in the deformation of the 16 fixed points. However, the factor SO(2,16) SO(2)×SO(16) carries information of the quaternionic structure of the K3 surface which has no role in the present discussion. This factor will be omitted. Finally, we consider the following decomposition
Analyzing these moduli space factors and M2-brane charges, the total abelian gauge group takes the following form
This separation of the charges is governed by the Hodge diagram encoding the K3 surface forms.
It is suggested that U(1) 2 can be associated with the coset space
SO (2) . The second factor U (1)
4 is the abelian gauge symmetry associated with four field strength 2-forms F ij (i, j = 1, 2).
This U(1) 4 gauge symmetry can be decomposed as follows Form the orbifold construction point of view, it is remarked that the seven dimensional gauge field can split into three parts
which are vectors in SO(2), SO(2, 2) and SO(16) symmetries respectively. This decomposition shows that 22 abelian vector fields can produce three classes of black hole charges depending on the 2-form type of the orbifold
. This classification allows one to embed lower dimensional qubits in such black holes obtained from a set of M2-branes wrapping the associated 2-cycles in the K3 surface.
One qubit
1-qubit can be embedded in the black hole physics in M-theory on the K3 surface which can be related to the scalar submanifold
SO(2) associated with U(1) 2 gauge symmetry. The modeling of the 1-qubit can be done as in [9] , using the holomorphic and antiholomorphic forms. The present qubit representation will be related to the
holomorphic and antiholomorphic 2-forms which are elements of the cohomology classes H 2,0 and H 0,2 respectively
(3.14)
In order to establish the correspondence between these 2-forms and the basis vectors of the one-qubit system, we can explore the scenario proposed in [9] . Indeed, it is recalled that for a (p, q)-form, the Hodge star action reads as
where ω = ı(dz 1 ∧ dz 2 + dz 1 ∧ dz 2 ). It has been verified that for the orbifold This shows that {Ω, Ω} forms a two dimensional basis. Due to this calculation, we can take these vectors as a basis of 1-qubit. The mapping is given by
The associated seven dimensional black hole has electric charges under U(1) 2 gauge symmetry
To get these charges, one uses the following real 2-forms
Indeed, each state |i corresponds to M2-branes with charges q i which are given by
where F 2 = q ℓ w ℓ and where C 2 i are 2-cycles dual to 2-forms ω i .
Two qubits
The 2-qubit can be also embedded in the untwisted sector. Concretely, we show that the (1,1)-forms ω ij = dz i ∧dz j , (i, j = 1, 2) can be worked out to form a basis of states describing 2-qubits.
To get the corresponding basis of states, we need first to establish a symmetric bilinear scalar product. Indeed, we propose the following scalar product
where ⊥ is an operator acting on (1,1)-forms ω ij as follows
We will see that the orthogonality relations can be obtained by using the normalized volume form on the K3 surface
Using the above equations, we can show that
In this way, the basis state of two qubits can be obtained from the following mapping (1,1)-forms of the untwisted sector
Combining these equations, we can write the following relations
In connection with seven dimensional black hole charges, each state |ij corresponds to M2-branes with charges q ij obtained by the following integration
where F 2 = q kℓ w kℓ .
Moreover, It is possible to recover the entangled states from a tensor representation of (1,1)- Similarly, we get the following state
The last comment that we should make on the above tensor concerns its determinant. By replacing the usual product by wedge multiplication, it reads as
Integrating this form on the K3 surface, we get the following constraint on the black holes charges q 11 q 22 = q 21 q 12 .
(3.37)
It seems that there could be a link with entanglement and Segre embedding discussed in connection with conifold geometries in type II superstrings [21] . It is recalled that the Segre embedding is considered as a mapping taking products of projective Hilbert spaces as a projective variety.
In fact, it is defined as follows
where P n , P m are projective Hilbert spaces and Σ n,m is known as the Segre variety. We will give a concise description for the physical case of two fermionic systems, namely the case m = n = 1 [21] . Higher dimensional cases are straightforward.
To establish the link with entanglement, let us consider two non-interacting fermionic systems. The corresponding Hilbert space reads as C 2 ⊗ C 2 = C 4 . The normalization constraint implies that the space of states is CP 3 . Each system has a state representation in terms of the Bloch sphere S 2 = CP 1 . Thus, a general state |Ψ can be represented by CP 1 ⊗ CP 1 as follows
where |Ψ 1 = α 1 |+ + β 1 |− and where |Ψ 2 = α 2 |+ + β 2 |− . This gives
By rearranging the complex amplitudes in a 4-tuple of projective coordinates
we get an hypersurface embedded in CP 3 given by the non linear constraint
where (ζ 1 , ζ 2 , ζ 3 ) ≡ (z 1 /z 0 , z 2 /z 0 , z 3 /z 0 ) are inhomogeneous coordinates on CP 3 . This constraint transforms the Kähler potential of CP 3
describing the product of Fubini-Study metrics on CP 1 × CP 1 . Thus, from a superposition of separable states CP 1 ×CP 1 , we get entangled states by the Segre embedding into CP 3 . It turns out that CP 1 × CP 1 can be considered as a compact part of a local Calabi-Yau threefold. The manifold, which has been considered as a small resolution of conifold singularity, has been used for computing exact degeneracies of BPS black holes in type IIA superstring from D-branes [22] . Thinking about the black hole/ qubit correspondence, it is possible to make contact with the work presented here. We hope to come back to this issue in future.
It is also noted that the superoperators discussed in [23] can be related to the 2-qubit associated with the ω ij forms. Interpreting the corresponding Hilbert space as a Liouvile space, a generalization in terms of a product of the K3 surface can be elaborated to discuss quantum four valued logic states. We will address this question in future works.
Four qubits
In this section, we treat the black hole charges obtained from the twisted sector. This can be related with 4-qubit states. To do so, we consider the second homology class associated with the deformation of the fixed points (z i 1 , z i 2 ) of the Z 2 symmetry. It is recalled that, in the resolved geometry, each fixed point is replaced by a 2-cycle
Up to a normalization, the 2-cycles are dual to real 2-forms ω i such that
To connect this with a 4-qubit system, we first need to construct the scalar product (w i , w j ) producing the orthogonality relations. To establish the corresponding formulae, one may explore certain geometric data of the K3 surface. It is worth noting that, in the K3 surface, there is a symmetric scalar quantity describing the intersection of 2-cycles. This information will be explored to work out the scalar product that we are after. Generally for ALE spaces, the singularity deformation consists on replacing a fixed point by a collection of intersecting 2-cycles according to the ADE Dynkin diagrams. Concretely, the intersection matrix of the 2-cycles used for the resolution of ADE singularities is, up to some details, the opposite of the ADE Cartan matrices K ij [24] . This eventually leads to a correspondence between the ADE roots and the 2-cycles. More specifically, to each simple root α i we associate a single 2-cycle identified with the complex projective space CP 1 . Inspired by the intersection theory of the K3 surface, we can identify (w i , w j ) with the Cartan matrix
It is recalled that the intersection matrix of n-dimensional sphere S n , used in the blowups of singularities, is symmetric for n even and antisymmetric for n odd. In the case of the K3 surface, the matrix is symmetric showing that the inner product is symmetric and bilinear.
This describes a particular case of hermitian inner product used in the quantum mechanics.
Roughly speaking, the natural of the singularity of the orbifold
shows that the associated algebra is ⊕ 16 i=1 su(2) Lie algebra. In this way, the quantity (w i , w j ) reads as
To complete the analysis, we can use the Wick rotation and the following scale transformation
The 4-qubit basis of states can be obtained by using an appropriate correspondence. Indeed, to get a mapping, we associated to each fixed point (z 1 , z 2 ) a state. Using the cartesian coordinates z 1 = x 1 + ıx 2 and z 2 = x 3 + ıx 4 , we can propose the following mapping
representing a 2-cycle belonging to the twisted sector. Using these conventions, the basis states are given by 
They can be computed by the following integration
where F 2 can be decomposed in terms of the corresponding 2-forms w z 1 z 2 .
A further check shows that there are many geometric transformations acting of these states which may play the role of gates considered as qubit operators. In particular, a new Z 2 symmetry can be implemented which acts as follows
This transformation is quite different to the one used before. It has no fixed points associated with M2 and M5-brane configurations producing new black hole charges. It is found that there are 15 operations
For instance, the operation acting as
produces the following 4-qubit operator |2x 1 2x 2 2x 3 2x 4 → |2x 1 + 1 2x 2 + 1 2x 3 + 1 2x 4 + 1 (mod 2). (3.56)
It has been checked that this operation can be understood as a 4-flip bit.
Conclusions and open questions
We have reconsidered the analysis of the moduli subspace of N = 2 seven dimensional supergravity obtained from M-theory on the K3 surface. Inspired by the Hodge diagram of the K3 surface, we have proposed a new three factor realization for the scalar submanifold of N = 2 supergravity associated with the 2-cycles in the M-theory compactifications. The decomposition is based on the existence of three different 2-forms of the K3 surface. In particular, we have pointed out a correspondence between the scalar submanifold factors and the extremal black hole charges. We have specially focused on these factors and their relations to qubit systems.
More precisely, we have considered in some details such black holes classes, and we have found that they are linked to one, two and four qubits systems.
It is observed that the analysis presented here might be extended to the case of F-theory on the K3 surface. This compactification provides an eight dimensional gauge theory [25, 26, 27, 28] . The F-theory construction requires that the K3 surface should involve an elliptic fibration structure. It is known that its moduli space reads as Cartan subalgebras of E 8 × E 8 (or SO(32)) gauge symmetry. We expect that this factor can be related to a 4-qubit system. We believe that this connection deserves a deeper investigation.
Moreover, it will be interesting to consider the corresponding superqubit systems. This could be associated with supermanifold T 4,k equipped with four bosonic coordinates and k fermionic coordinates. It is recalled that supermanifolds have been investigated in connection with quantum superlogics [29] . A possible link can be done by fixing the value of k. For case of k = 4, this can produce a K3 supersurface considered as a leading example of Calabi-Yau supermanifolds. The even and odd submanifolds can be associated with bosonic and fermionic invariant forms.
This work comes up with many open questions. One of them concerns connections with higher dimensional Calabi-Yau manifolds. It could also be interesting to look for qubit solutions from the string Calabi-Yau moduli space controlled by complex and Kähler deformations.
Moreover, many concepts, which have been developed in quantum information theory including gates, circuits and entanglement, could have geometric representations. It should be of interest to study these issues in the context of the Hodge diagram analysis and physical theories related to black holes and branes. These issues will be addressed elsewhere.
